Over the last decade, highly innovative micro-fabrication techniques have been developed that are set to revolutionise the biomedical industry. Fabrication processes, such as photolithography, wet and dry etching, moulding, embossing and lamination, have been developed for a range of biocompatible and biodegradable polymeric materials. One area where these fabrication techniques could play a significant role is in the development of artificial micro-vasculatures for the creation of tissue samples for drug screening and clinical applications. Despite the enormous technological advances in the field of tissue engineering, one of the major challenges is the creation of miniaturised fluid distribution networks to transport nutrients and waste products, in order to sustain the viability of the culture. In recent years, there has been considerable interest in the development of microfluidic manifolds that mimic the hierarchical vascular and parenchymal networks found in nature. This article provides an overview of microfluidic tissue constructs, and also reviews the hydrodynamic scaling laws that underpin the fluid mechanics of vascular systems. It shows how Murray's law, which governs the optimum ratio between the diameters of the parent and daughter branches in biological networks, can be used to design the microfluidic channels in artificial vasculatures. It is shown that it is possible to introduce precise control over the shear stress or residence time in a hierarchical network, in order to aid cell adhesion and enhance the diffusion of nutrients and waste products. Finally, the paper describes the hydrodynamic extensions that are necessary in order to apply Murray's law to the rectangular channels that are often employed in artificial micro-vasculatures.
Introduction
Over the last two decades, significant advances have been made in the field of tissue engineering (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) , but despite many enormous achievements, various barriers prevent the widespread use of tissue-engineered products. These barriers include regulatory and ethical issues, as well as many scientific and engineering challenges. As detailed by Du et al. (15) , the challenges include questions related to the harvesting and acquisition of cells, and problems associated with the creation of artificial tissues that have the same biomechanical and metabolic characteristics as natural tissues. However, as discussed by Borenstein et al. (7) , the most important challenge to the development of in vitro tissue cultures appears to be the difficulty in creating suitable vascularised structures that mimic the intricate capillary networks found in nature. In the absence of a suitable capillary network, the thickness of any engineered tissue is generally restricted to 150-200μm, due to the limited distance that oxygen and other nutrients can diffuse before being consumed by the cells (16) .
The advent of micro-fabrication technologies and, in particular, the development of microfluidic systems, has provided new opportunities to create miniature vascularised structures that can be used in tissue-engineering applications. Current microfabrication technologies are able to achieve resolutions down to 0.1μm, and can pattern surfaces and create intricate networks of channels over large areas of substrate. One of the most popular microfabrication technologies is soft lithography (17) , which employs poly(dimethylsiloxane) (PDMS) or fluorosilicone elastomers to fabricate microstamps and micro-moulds. Although the original master has to be fabricated via conventional photolithography, once it is created, the master can be reused many times without the need for cleanroom facilities, which makes the technique ideal for mass-production. In addition, micro-fabrication processes have been developed for a range of biocompatible and biodegradable polymeric materials, such as poly(lactic-co-glycolic acid) (PLGA; 18) , poly(glycerol sebacate) (PGS; 19) and hydrogels (20) .
One of the most exciting long-term goals for tissue engineering is to provide replacement organs for patients with end-stage organ failure (16) . Whilst significant progress has already been made in developing micro-fabricated renal-assist and renal-replacement devices (21) , the ultimate goal of creating complete replacement organs is possibly many decades away. Another very promising application area for tissue engineering is in the development of surrogate in vivo cell-based lab-ona-chip devices that mimic the complex physiological responses found in mammals. Sometimes referred to as 'animal-on-a-chip' devices (22, 23) , these micro-fabricated systems are composed of an arrangement of interconnected compartments that each contain a culture of cells and mimic the primary organs of a living animal. Microfluidic channels connecting the various compartments permit the recirculation of a culture medium, in an analogous manner to the blood supply in an animal. Proof-of-principle experiments have shown that animal-on-a-chip devices can replicate the complex inter-organ or inter-tissue interactions found in living animals, and are able to mimic the immune response to toxic or therapeutic compounds (24) . Such systems could be used to bridge the gap between traditional cell-based assays and animal studies, and could have a significant impact in reducing, and possibly eliminating, many forms of animal testing.
Vascularised Tissue Constructs
The pioneering work on artificial vasculatures generally employed planar or two-dimensional (2-D) micro-fabrication technologies. For example, Kaihara et al. (5) used conventional photolithographic techniques to generate a pattern of bifurcating channels on silicon or Pyrex wafers. They demonstrated that endothelial cells and hepatocytes could be cultured on the substrate, and subsequently lifted from the pattern as a single-cell monolayer. Later, Borenstein et al. (7) used soft lithographic techniques to create a moulded 2-D PDMS substrate that was bonded to a second PDMS layer to create a network of enclosed microchannels. One of the practical limitations of using silicon, Pyrex or PDMS as substrates for tissue engineering is that the materials are not biodegradable and have limited biocompatibility. To address this limitation, King et al. (18) investigated the potential of biodegradable scaffolds manufactured from PLGA. The micro-vasculatures were created from a PLGA membrane, and were laminated by thermal bonding to create the enclosed micro-channels. Although PLGA-based microfluidic systems offer the possibility of a very versatile and inexpensive fabrication route, there are potential concerns about the inflammatory immune response to the material. In addition, PLGA scaffolds are very brittle and lack the elasticity of natural tissues. To overcome some of these limitations, Wang et al. (25) and Bettinger et al. (19) have investigated the use of PGS, a biocompatible elastomer that is already approved for use in medical applications. PGS substrates can be patterned by using a silicon master, then bonded to a flat film to create the vascular networks. A num-ber of studies have indicated that three-dimensional (3-D) tissue cultures behave quite differently from 2-D cultures. Weaver et al. (26) have shown that 3-D cultures of breast cancer cells can become non-cancerous in the presence of antibodies for specific integrin receptors; unfortunately, this effect cannot be replicated in conventional 2-D tissue cultures. It is clear that cells respond to local stimuli, such as cell-to-cell contact and mechanical stresses imposed by the environment, and these effects are unlikely to be replicated within a 2-D environment. The creation of 3-D microfluidic scaffolds is therefore of paramount importance for tissue engineering applications, since 2-D constructs are unable to mimic the precise in vivo cellular conditions. Unfortunately, whilst conventional photolithographic and soft-lithographic techniques are able to create 2-D vascularised tissue scaffolds, the construction of 3-D networks of channels remains a formidable challenge.
The most popular method of constructing 3-D scaffolds is to stack 2-D vascularised systems together in a sandwich-like structure. For instance, Bettinger et al. (19) created a fully 3-D micro-fabricated scaffold by stacking a series of patterned PGS layers together. Other approaches for creating 3-D scaffolds involve the use of directwrite fabrication techniques. Such an approach was used by Therriault et al. (27) , who constructed a 16-layer scaffold by depositing and exposing an organic ink layer-by-layer to build up a 3-D microvascular network. In addition, Lim et al. (28) have demonstrated a novel maskless direct-write method, by using an Nd:Yag (neodymium-doped yttrium aluminium garnet) laser to create multiple-depth channels by varying the power of the laser used to create the micro-channels. Figure 1 illustrates typical examples of micro-fabricated 3-D vasculatures that have been developed for tissue-engineering applications.
Biomimetic Analysis of Vascularised Networks
Nature has always been an abundant source of inspiration, and, from the earliest of times, Man has sought to replicate ideas that have evolved naturally in plants and animals. Understanding these 'natural' optimal design strategies has led to an entirely new field of research, known as biomimetics. However, despite significant progress in the broader field of biomimetics, there appears to have been very few applications in the field of microfluidics.
One of the most important challenges in growing viable in vitro tissue cultures is the requirement to create an effective micro-circulation system for the distribution of nutrients and oxygen. It is clear that the dimensions of the micro-channels should be opti-mised, so that the flow rates through the various pathways are uniform, and the total flow resistance of the network is compatible with the applied operating pressures. Although mathematical models are available for describing the branching properties of a vascular system, such techniques are rarely applied when designing artificial tissue constructs. The following sections show how the biomimetic scaling laws that govern biological distribution networks, can be used to design the optimal channel dimensions in artificial vasculatures.
Theoretical Basis of the Hess-Murray Law
One of the most distinctive features of biological distribution systems is their hierarchical structure and the successive division of vessels, which become smaller, both in length and diameter, as the network progresses (see Figure 2 ). Mathematical modelling of the cardiovascular system can be traced back to 1926, when Murray (29) used the principle of minimum work to derive a relationship between the diameter of the parent vessel and the optimum diameters of the daughter vessels in a branching network. The relationship is now known as Murray's law, which states that the cube of the diameter of the parent vessel equals the sum of the cubes of the diameters of the daughter vessels. However, Murray's law is actually a refinement of previous pioneering work by Hess (30) , who used similar arguments and independently arrived at the same conclusion that the diameters obey a third-power rule. The earlier work of Hess has been noted by Weibel (31), Hahn et al. (32) , and Bejan & Lorente (33) , and it is therefore probably more appropriate to refer to the rule as the Hess-Murray law. Unfortunately, the work of both Hess and Murray was overlooked for many years (34) , but vascular trees and scaling laws are now receiving considerable attention (35) (36) (37) (38) .
Biological distribution systems need to expend energy to overcome viscous losses in the circulatory system, as well as to maintain metabolic processes. To appreciate the underlying biomimetic principles behind the Hess-Murray law, it is informative to consider the power requirements of a biological network. To simplify the analysis, each segment of the transport pathway is considered to be a circular pipe of radius, r, and length, L. If Q denotes the volumetric flow rate, and Δp represents the pressure drop along the segment, then the power required per unit length, P v , to overcome the viscous losses is given by:
The volumetric flow rate for fully-developed laminar flow in a pipe can be found from the Hagen-Poiseuille formula (39): b) A hepatocyte culture device developed by Borenstein et al. (12) . The device consists of two layers: a microvascular network for blood flow and oxygenation, separated from a chamber for hepatocyte culture by a nanoporous membrane. Reproduced with the permission of Tissue Engineering (12) .
where μ is the coefficient of dynamic viscosity, which is a measure of the fluid's resistance to flow. Substituting Δp / L from Equation 2 into Equation 1 allows the viscous power requirement to be written as:
Murray assumed that the power associated with the metabolic requirements of a biological system could be related directly to the volume of each segment. The metabolic power per unit length, P m , required to maintain the blood cells and the walls of the vascular system, can thus be written as:
where k m is a metabolic constant. Since Murray was dealing with cardiovascular systems, he referred to this power requirement as the 'cost of blood volume'. The total power required to operate the system can therefore be written as:
For a given flow rate, Q, the optimum vessel dimension which minimises the power, can be found by differentiating Equation 5 with respect to the radius and equating the resultant expression to zero, i.e.
[Equation 6]
It is now more convenient to work in terms of the diameter of the vessel, d. At the optimum conditions, it can readily be shown that the volumetric flow rate can be expressed as:
where M = π/32 √(k m /μ) is a constant. The optimum relationship between the diameter of the parent (d 0 ) and daughter branches (d 1a and d 1b ) can be derived from Equation 7 by using the principle of continuity at the bifurcation, i.e.
which leads to the following relationship:
This is now known as the Hess-Murray law, but it is sometimes referred to as the third power law. For a symmetric bifurcation, where d 1a = d 1b , it follows that d 3
. It is informative to consider how the total power requirement shown in Equation 5 varies with the cross-sectional area, A. This is illustrated in Figure 3 , which shows that the viscous power is inversely proportional to the square of the cross-sectional area, whereas the metabolic power is related linearly to the area. Combined, these two effects give a total power requirement that is a minimum at the optimum vessel size, A opt .
Generalisation of the Hess-Murray Law
It has recently been shown (40, 41) that the Hess-Murray law can be generalised by introducing a branching parameter, X, to modify the rate at which the channel dimensions diminish in size. For convenience, the branching parameter can be defined as:
[Equation 10]
For X = 1, the parent/daughter branches obey the principle of minimum work, as defined in Murray's original work. However, the branching parameter does not have to be unity, and the generalised case of X ≠ 1 can be used to design micro-vasculatures with specific shear stress distributions or residence times. For example, a low shear stress environment will minimise damage to shear-sensitive cells (42) , and will increase the probability of cells binding to surfaces (43) , whilst increasing the residence time of the fluid in the finest branches of the vasculature will enhance the diffusion of nutrients and waste products.
Assuming that the branching parameter is held constant at each bifurcation, then the diameter of The diagram illustrates the nomenclature used to describe the vascular system, with the inlet channel denoted by n = 0 and the finest branches denoted by n = N. For a symmetrical network, the volumetric flow rate halves at each bifurcation, i.e. Q n = 2 -n Q 0 .
the nth generation can be written as:
In the case of the Hess-Murray law, (X = 1), the diameter of successive generations is reduced by a factor of 2 -1/3 = 0.7937 at each bifurcation, implying that the diameter of the vessels in the vasculature will halve after three successive generations. For a symmetric system, the volumetric flow rate halves at each bifurcation i.e. Q n = 2 -n Q 0 , so the mean flow velocity, Ū n , can be given by:
[ Equation 12 ]
The tangential shear stress acting on the wall of a circular pipe, in a fully-developed laminar flow, is τ = 8μŪ / d, so substituting Equations 11 and 12 into the shear stress formula gives:
where τ 0 is the wall shear stress in the inlet channel (n = 0). Equation 13 clearly indicates an important consequence of the Hess-Murray law (X = 1), i.e. that the tangential shear stress at the wall remains constant throughout the vascular network. This is important in tissue-engineering applications, since the shear stress on the cells needs to replicate the precise in vivo cellular conditions found in the organs in vivo. For example, it has been demonstrated that increased levels of wall shear stress stimulate the release of nitric oxide by endothelial cells, which, in turn, inhibits monocyte adhesion to the vessel wall (44) . It is therefore vital that the wall shear stress in an artificial vasculature replicates the physiological conditions found in nature.
Vascular Resistance and Residence Time
To design an effective artificial micro-vasculature for tissue-engineering applications, it is important to ensure that the resistance of the network is compatible with the desired operating pressures and flow rates. It is therefore necessary to be able to estimate the total resistance of the vasculature. For ease of analysis, the derivation is restricted to vascular systems where the lengths of the individual segments are directly proportional to their diameter, as is frequently observed in biological systems (see, for example, West [45] ). The hydraulic resistance, R n = Δp / Q, of an individual segment within the network can be shown to obey R n ∝ dn 3 , so the resistance of a single vessel in the nth generation is:
The total resistance, R T , of a bifurcating vasculature having N generations can be obtained by using the analogy between the pressure differences in pipe flow and the voltage drop in electrical circuits (46) . Use of the fact that the individual segments within a given generation are in parallel, gives:
which can be rewritten as:
]
When X = 1, the resistance of each generation is identical, and the total resistance increases linearly with the number of generations. In this case, Equation 16 reduces to R T = (N + 1)R 0 . If the length of an individual segment is again consid- A schematic diagram of the power requirement to transport fluid through vessels of varying crosssectional area, A. The power required to overcome the viscous losses (P v ) decreases with the square of the cross-sectional area, whereas the metabolic power requirement to maintain the system (P m ) is directly proportional to the size of the vessel. The combination of these two effects results in a total power requirement (P) that is a minimum at the optimum vessel size. Adapted from Hess (30) and Weibel (31) . 
ered to be proportional to its diameter (i.e. L n = kd n where k is a constant), then the average residence time for the nth generation can be found from
[Equation 17]
and the total residence time of the biofluid within the vasculature, T res , can be written as
[Equation 18]
By changing the value of X, it is possible to introduce an element of control into the residence time of the network. For X > 1, the residence time decreases at each successive generation. Conversely, for X < 1, the time to flow through each successive level of the network increases with the number of generations. It should be noted that the resistance and residence time formulae, demonstrated by Equations 16 and 18, are applicable to vasculatures that end at the finest branches, as shown schematically in Figure 2 . However, most artificial vasculatures used in tissue-engineering applications are composed of an upstream network of channels to distribute the fluid, together with a downstream network of channels to combine the flow back into a common outlet, as shown in Figure  1b . In this case, it would be necessary to apply a factor of two to Equations 16 and 18. The overall flow resistance of the vasculature, R T , can then be used to estimate the total flow rate through the device, Q 0 . This flow rate is obtained from the following relationship, Q 0 = Δp / R T , where Δp is the applied pressure difference across the vasculature.
In addition, knowledge of the flow rate then allows the wall shear stress to be determined, to ensure that it lies in the correct physiological range (22) .
Extension to Non-circular Ducts
The extension of the Hess-Murray law to non-circular ducts was first demonstrated by Emerson et al. (40) , who proposed that the channels in the vasculature should be designed in accordance with the biomimetic shear stress principle encapsulated in Equation 13 . In the interests of brevity, only the final 'design equations' are presented here. A detailed description of the mathematical analysis has been provided by Barber & Emerson (41) . For a vasculature composed of constant-depth rectangular channels, the biomimetic shear stress principle leads to the following design equation for the optimum aspect ratio of the channels: where α n = d / w n is the channel aspect-ratio (i.e. the ratio of the depth, d, to the width, w n ) of the nth generation, and Po is the Poiseuille number which is also a function of the aspect ratio. Equation 19 ensures that the average shear stress around the perimeter of each channel follows the same distribution as that presented in Equation 13 . For a rectangular cross-section, the Poiseuille number can be determined analytically, as detailed by Shah & London (47):
where α * n = α n for α n ≤ 1 and α * n = 1/α n for α n > 1.
The channel dimensions in the vascular tree can be found by solving Equation 19 iteratively for α n , starting from a known aspect ratio, α 0 , at the inlet of the vasculature. Alternatively, the biomimetic design process can be 'inverted' so that the dimensions of the channels can be expressed in terms of the aspect ratio of the finest channels within the vasculature, α N , where N is the total number of generations in the branching network. It can also be shown (see reference 41) that the total resistance of a vasculature composed of constant-depth rectangular channels is the same as that previously presented in Equation 16 , provided the length of each The use of a branching index m > 2 may be particularly useful in tissue-engineering applications to increase the number of individual flow channels in the vasculature at a faster rate than a simple bifurcating system. In a 3-D scaffold, a branching index of m = 4 provides a symmetrical distribution of micro-channels. In this case, the orthogonality of the scaffold offers a simple structure that can readily be fabricated by using existing micro-technologies.
channel is proportional to the hydraulic diameter of the cross-section. However, it should be noted that the residence time of the network does not obey Equation 18 . This can be explained by the fact that it is only possible to satisfy a constant average shear stress and a constant residence time, if the Poiseuille number is fixed throughout the system (as found in vasculatures composed of circular pipes). If the Poiseuille number varies at each generation, then it is impossible to simultaneously create a constant shear stress and a constant residence time throughout the vasculature. In practice, it would therefore be necessary to choose the most appropriate design rule for the specific application. For example, a shear stress biomimetic rule would probably be more appropriate for growing engineered tissues, but there may be other applications (e.g. acquisition of biokinetic data), where it is desirable to use a biomimetic rule based on the residence time of the biofluid.
There is no specific requirement in Murray's derivation for the vascular system to bifurcate at each generation, and it can easily be shown that the biomimetic shear stress rule can be applied to any number of daughter branches at each junction. If a constant-depth vasculature splits into m equal-sized branches at each junction, then the biomimetic design rule defined in Equation 19 needs to be reformulated in terms of the branching index, m:
This modification may be particularly appropriate in 3-D scaffolds, where a branching index of m = 4 (as shown in Figure 4 ) appears a logical choice for creating a symmetric arrangement of micro-channels. In this case, the orthogonality of the scaffold offers a simple pragmatic structure that can readily be constructed by using existing micro-fabrication technologies.
Numerical Demonstration of the Biomimetic Design Procedure
To demonstrate the effectiveness of the biomimetic design rules, a series of computational fluid dynamic (CFD) simulations are presented, which highlight the ability to control the shear stress within a vasculature. The first series of simulations considered bifurcating (m = 2) constant-depth vasculatures. The networks were restricted to four generations (n = 0, 1, 2, 3), and the channels were assumed to have a constant depth of 125μm. The initial aspect ratio of the inlet channel was chosen to be either 2:1 (α 0 = 0.5) or 5:1 (α 0 = 0.2). Table 1 shows the channel dimensions obtained by solving Equation 19 for different values of the branching parameter, X. Each vasculature also follows the biomimetic principle that the length of each segment is proportional to its hydraulic diameter, D h , which can be defined as D h = 4 × area/wetted perimeter (39) .
The numerical simulations were conducted by using the commercial computational fluid dynamics software package, CFD-ACE+ (48) . The meshes representing the networks contained approximately 1.6-2.4 million grid nodes, depending on the geometry and the value of the branching parameter. The simulations assumed that the fluid within the vasculature was pure water, with a dynamic viscosity of 0.001Ns/m 2 , and the mean inlet velocity was assumed to be 0.01m/s, giving a Reynolds number in the inlet channel, Re 0 = (ρŪ 0 D h ) / μ, ranging from 1.66 to 2.08, depending on the aspect-ratio. Figure 5 shows the predicted normalised wall shear stress distribution, τ/τ -0 , for vasculatures designed according to Figure 6 : The effect of changing the branching parameter, X Predicted normalised wall shear stress distributions (τ/τ -0 ) in constant-depth rectangular vasculatures, with branching parameters of X = 1.25 and X = 0.75. The figure clearly shows the progressive increase or decrease in the shear stress as the flow travels toward the finer branches of the vasculature. In this case, the wall shear stress departs from the Hess-Murray law, and the system no longer obeys the principle of minimum work. Decreasing the shear stress toward the finest branches of the vasculature, as shown in b), may be especially useful in tissueengineering applications in order to increase the probability of cells binding to the walls, and also to increase the residence time of the biofluid to enhance the diffusion of nutrients into the tissue culture. the Hess-Murray law. It can be seen that for X = 1, the shear stress remains constant throughout the vascular system. In contrast, Figure 6 illustrates the predicted normalised wall shear stress distributions in vasculatures designed by using branching parameters of X = 1.25 and X = 0.75. The figure clearly shows the progressive increase or decrease in the shear stress, as the flow travels towards the finer branches of the network. The effect of varying the branching parameter is further demonstrated in Figure 7 , which shows the normalised average shear stress distribution and flow resistance for a range of channel aspect-ratios and branching parameters. The theoretical and numerical predictions are in very good agreement, demonstrating the applicability of the analytical model. Figure 7b graphically demonstrates the effect of varying the value of X on the overall flow resistance of the vasculature. For X = 1, the resistance of each generation is identical, and the total resistance of the network increases linearly with the number of generations. To achieve this in a network of circular pipes, the diameters of successive generations would need to be reduced by a factor of 2 -1/3 (= 0.7937) at each bifurcation. However, if the branching parameter is increased to X = 1.25, which corresponds to a scaling factor of (2 × 1.25) -1/3 (= 0.7368), then the overall resistance of the vasculature increases rapidly with the number of generations. Thus, relatively small changes in the rate at which the channel dimensions are reduced in size will lead to large variations in the overall flow resistance; this effect is more pronounced when the network contains a large number of generations. It is clear that employing rigorous biomimetic scaling laws to optimise the dimensions of the channels will be of direct benefit to tissue-engineering applications, by ensuring that the total flow resistance of the vasculature is compatible with the desired operating pressures and flow rates.
A second validation study has been carried out to demonstrate the hydrodynamic design of a 3-D scaffold. The investigation considered a constantdepth vasculature with a branching index, m = 4, as illustrated schematically in Figure 4 . Due to the increased number of channels, in comparison to a bifurcating system, the CFD simulations were restricted to three generations (n = 0, 1, 2). The aspect ratio of the inlet channel was taken to be 5:1 (i.e. α 0 = 0.2), and the channels were assumed to have a constant depth of 125μm. 
Normalised wall shear stress distribution a) and flow resistance b) in constant-depth rectangular vasculatures that obey the generalised form of the Hess-Murray law. Comparison is shown between theoretical predictions (lines) and
CFD results (symbols). By changing the branching parameter, X, which controls the rate at which the channels diminish in size, it is possible to introduce precise control of the wall shear stress, τ, and the total flow resistance, R T , of the vasculature. the channel dimensions obtained by solving Equation 21 . The computational mesh used to represent the vasculature contained approximately 1.4-million grid nodes, and again, the vasculature used the biomimetic principle that the length of each segment is proportional to its hydraulic diameter. Figure 8 illustrates the predicted normalised shear stress distribution along the walls of the scaffold. It can be seen that the shear stress remains identical between successive generations. A detailed examination of the shear stress profiles shows that the tangential shear stress around the perimeter of each channel varies slightly with generation level, n. This is inevitable, since the aspect ratios of the channels vary at each generation. However, as shown in Table 3 , the average wall shear stress around the perimeter remains constant throughout the vasculature, indicating that the biomimetic design rule presented in Equation 21 can be applied to networks with an arbitrary splitting index, m. The numerical validation studies have therefore demonstrated that it is possible to optimise the channel dimensions within artificial 2-D and 3-D micro-vasculatures, to permit precise control of the wall shear stress distribution or total flow resistance of the network. This is important in tissue-engineering applications, so that the hydrodynamics of the vasculature replicate the exact in vivo conditions found in natural tissues. (28) , the channels are assumed to have a constant depth of 125μm and the initial aspect-ratio of the inlet channel was chosen to be either 2:1 (α 0 = 0.5) or 5:1 (α 0 = 0.2). The channel dimensions are obtained by solving Equation 19 for the aspect-ratio, α n , and then computing the channel width from w n = d/α n . Each vasculature also follows the biomimetic principle that the length of each segment is proportional to its hydraulic diameter, D h . Representative values of the branching parameter ranging from X = 0.75 to X = 1. 25 were chosen for the present study.
Conclusions
This article has shown how Murray's law, which governs the optimum ratio between the diameters of the parent and daughter branches in biological fluid distribution networks, can be used to design the artificial vascularised constructs found in tissue-engineering applications. Murray's law was originally developed for cardiovascular systems composed of multi-diameter circular pipes, and uses the principle of minimum work to derive the optimum rate at which the vessels in the network diminish in size. An important consequence of Murray's law is that the tangential shear stress at the wall remains constant throughout the vasculature. This important biomimetic principle can be generalised, so that it can be applied to fluid distribution networks composed of channels of arbitrary cross-section. This article considers the design of constantdepth, rectangular-sectioned vasculatures that are often employed in lab-on-a-chip systems. By introducing a branching parameter that governs the rate at which the channels diminish in size, it is shown that it is possible to introduce precise control over the shear stress and residence time in a hierarchical network. This may be particularly useful in tissue-engineering applications, in order to assist the adhesion of cells to the channel walls, and to enhance the diffusion of nutrients and waste products into and from the tissue culture. The use of rigorous biomimetic scaling rules to optimise the channel dimensions within an artificial vasculature will clearly be of direct benefit in the development of the next generation of vascularised tissue constructs. The table presents the optimised channel dimensions for a constant-depth 3-D micro-vasculature having a branching index, m = 4 (i.e. the vasculature splits into 4 branches at each junction). For consistency with the previous validation study, the channels are assumed to have a constant depth of 125μm and the initial aspect ratio of the inlet channel was chosen to be 5:1 (α 0 = 0.2).
In the case of a 3-D vasculature, the optimised channel dimensions are obtained by solving Equation 21 for the aspect ratio, α n , and then computing the channel width from w n = d/α n . The vasculature again follows the biomimetic principle that the length of each segment is proportional to its hydraulic diameter. Predicted normalised wall shear stress distribution (τ/τ -0 ) in a 3-D scaffold with m = 4 and X = 1. The table shows that, for X = 1, the wall shear stress remains constant throughout the vascular tree, replicating the conditions found in arterial/venous systemic flows.
